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1. Introduction
In [5], Cox introduced the homogeneous coordinate ring of a toric variety, which is a
polynomial ring that allows to show that such a variety behaves like a projective space in
many ways. An analogous to that ring can also be defined for a smooth projective variety
X over an algebraically closed field k such that linear and numerical equivalence coincide
for divisors on X, condition which is assumed for all varieties considered in this paper.
Indeed, let us fix {[Li]}ri=1 a Z-basis of Pic(X), and set n = (n1, n2, . . . , nr ) ∈ Zr and
Dn =∑ri=1 niLi . By regarding the vector spaces H 0(X,OX(Dn)) = {f ∈ K∗ | divX(f )+
Dn  0} ∪ {0} as k-subvector spaces of the function field K of X, the total coordinate ring
of X (or the Cox ring of X) is defined as the graded k-subalgebra of K:
TC(X) :=
⊕
n∈Zr
H 0
(
X,OX(Dn)
)
,
where, in practice, the grading can be seen to be given by Pic(X). Notice that the above
definition uses a fixed Z-basis of Pic(X), but different choices of these bases give rise to
isomorphic total coordinate rings (as k-algebras). The notion of Cox ring works assuming
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Elizondo, Kurano and Watanabe [8] have studied the total coordinate ring in a more general
framework: they consider a connected normal Noetherian k-scheme whose divisor class
group is a finitely generated free abelian group, and they prove that this ring is a unique
factorization domain.
The Cox ring TC(X) is not, in general, a finitely generated k-algebra. If this happens, for
simplicity’s sake, we shall say that (the ring) TC(X) is finite over k. The goal of this paper
is to give a characterization of those smooth projective surfaces whose total coordinate ring
is finite over k and to provide several situations where that characterization holds. None of
our results, with the exception of Corollary 4, depend on the characteristic of k.
To decide whether TC(X) is finite over k, even when X is a surface, is a significant
issue. It is related to invariant theory and the Hilbert’s fourteenth problem as it is shown in
[16]: let s  3 be an integer and X the variety obtained by blowing-up Ps−1
C
, the projective
space of dimension s − 1 over the field of complex numbers, at n distinct points which do
not lie on any hyperplane of Ps−1
C
; then, there is a linear action of the additive algebraic
group G = Gn−sa on a polynomial ring A over C with 2n variables such that the invariant
ring AG is isomorphic to TC(X). Our results in this paper involve finite generation for AG
when s = 3.
On the other hand, if TC(X) is finite over k, then its Euler–Chow series for divisors [15]
is rational in the sense of [7] (see [9]). Furthermore, the Riemann–Roch ring
R(C1,C2, . . . ,Cs) :=
⊕
n=(n1,n2,...,ns )∈Ns
H 0
(
X,OX(n1C1 + n2C2 + · · · + nsCs)
)
,
relative to finitely many effective divisors Ci of X (1 i  s) whose classes in Pic(X) are
linearly independent, is a finitely generated k-algebra [6, Corollary 1.5], and so its Poincaré
series is a rational function.
Finally, in the remark in Section 3, we give an application to Valuation Theory. Fol-
lowing the line of [4], we shall show that our results provide divisorial valuations (and
families of divisorial valuations) centered at 3-dimensional local regular Noetherian rings
with Noetherian graded algebra. Recall that, in the 2-dimensional case, the basic tool for
classifying valuations is the graded algebra associated with a valuation [18] and that, in
higher dimension, it is not known when this algebra is Noetherian.
Section 2 of the paper is devoted to state and prove the main result, Theorem 1, which
characterizes those smooth projective surfaces whose Cox ring is finite over k. Several
applications of this result are presented in Section 3. There, we show (Corollary 1) that
the total coordinate ring of a smooth projective surface X is finite over k whenever the
cone of curves of X is (finite) polyhedral and its characteristic and nef cones coincide. The
remaining applications of this section are derived from this result. In particular, we show
that the ring TC(X), of surfaces X coming of blowing-up at the base points of certain
pencils of plane curves (including those pencils with one place at infinity), is finite over k.
Finally, in Section 4, we consider rational surfaces X obtained by blowing-up at certain
sequences of closed points infinitely near to a relatively minimal surface. These sequences
are those which satisfy a numerical property, introduced in [11], which implies the poly-
hedrality of the cone of curves of X, and we call them P-sufficient configurations. In these
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X is finite over k if, and only if, a ring, associated with the fixed part free complete linear
systems of X, is contained in a finitely generated subalgebra of TC(X).
Along the paper, KX will denote some canonical divisor of a variety X.
2. The main result
In this section we shall give a characterization of the smooth projective surfaces (sur-
faces, in the sequel) having a finite over k total coordinate ring.
For a start, we give some examples of surfaces whose total coordinate ring is not finite
over k. We shall obtain them as a consequence of the following property. If the ring TC(X)
of a surface X is finite over k, then the semigroup
Eff(X) := {[D] ∈ Pic(X) ∣∣H 0(X,OX(D)) = 0},
called the effective semigroup of X, is finitely generated and therefore, the cone of curves
of X, NE(X), is polyhedral. Recall that NE(X) is the convex cone of Pic(X)⊗ZQ spanned
by the image of Eff(X).
Firstly, let X be a K3 surface such that it does not contain a smooth rational curve.
Then NE(X) is not a polyhedral cone [14] and, so, TC(X) is not finite over k. Secondly,
Nagata in [17] proved that the semigroup Eff(X) of the obtained surface X after blowing-
up P2 (:= P2k) at 9 general points is not finitely generated and, therefore, TC(X) is not
finite over k. It is a counterexample of Hilbert’s 14th problem. Finally, let X be the surface
obtained by blowing-up P2 at a non-inflection smooth point p1 of a rational cubic and
after (the successively obtained varieties) at eight more points, p2, . . . , p9, such that, for
2 i  9, pi is the intersection point of the exceptional divisor created by the blowing-up
at pi−1 and the strict transform of the cubic. Then X has infinitely many smooth rational
curves with self-intersection −1 [2, Example 4.3] and, thus, NE(X) is not a polyhedral
cone. Hence, TC(X) is not finite over k.
The following considerations will allow to state our main result. For any surface, we
denote by P bp(X) the semigroup of classes [D] ∈ Pic(X) such that the complete linear
system |D| has at most finitely many base points. P(X) will be the semigroup of classes of
nef divisors and P˜ (X) the so-called characteristic semigroup of X, i.e., the semigroup of
classes [D] ∈ Pic(X) such that |D| is base point free. Note that there are inclusions P˜ (X) ⊆
P bp(X) ⊆ P(X). In addition, P˜ (X)Q (respectively P(X)Q) will denote the characteristic
cone (respectively nef cone), i.e., the convex cone of Pic(X) ⊗Z Q spanned by the image
of P˜ (X) (respectively P(X)).
Next, we introduce the objects we shall use in our main result.
Definition 1. We define ∆(X) as the set of homogeneous elements f in TC(X) such that
Dn is nef, KX ·Dn  0, and divX(f )+Dn is a prime divisor, n being the degree of f .
Sbp(X) will be the subalgebra of TC(X) given by
⊕
H 0(X,OX(Dn)), where the sum
is taken over those n ∈ Zr such that [Dn] ∈ P bp(X).
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a prime divisor. Then, every system of homogeneous generators of the k-algebra TC(X)
must contain some homogeneous element of degree n.
Proof. Pick f ∈ H 0(X,OX(Dn))\{0} and consider homogeneous elements g1, g2, . . . , gs
in TC(X) such that
f =
∑
e=(e1,e2,...,es)∈T
αeg
e1
1 g
e2
2 · · ·gess ,
T being a non-empty finite subset of Ns \ {0}, αe ∈ k \ {0} and∑si=1 ei deg(gi) = n.
Let e be an arbitrary element in T and gi ∈ H 0(X,OX(Dmi )) \ {0} (1 i  s). Clearly∏s
i=1 g
ei
i is a global section of OX(Dn) and so the divisor
∑s
i=1 ei(divX(gi)+Dmi ) coin-
cides with divX(f )+Dn, the unique element of the linear system |Dn|. Since it is a prime
divisor, there is an index j (1  j  s) such that ej = 1, ei = 0 if i = j and gj = βf for
some β ∈ k \ {0}. 
The following result gives the announced characterization of those surfaces having a
finite over k total coordinate ring.
Theorem 1. Let X be a (smooth projective) surface. Then, the ring TC(X) is finite over k
if, and only if, the following properties are satisfied:
(a) The set of prime divisors of X with negative self-intersection is finite.
(b) There is a finitely generated k-subalgebra of TC(X) containing ∆(X) and Sbp(X).
Proof. If TC(X) is finite over k, clause (b) holds trivially, and clause (a) follows from
Lemma 1 and the fact that a prime divisor with negative self-intersection has a one-
dimensional space of global sections.
Conversely, let {divX(fi) + Dni }ti=1 be the set of prime divisors of X with negative
self-intersection, where fi ∈ K and ni ∈ Zr . Notice that fi spans H 0(X,Dni ) as k-vector
space for all i = 1,2, . . . , t .
Let g ∈ H 0(X,OX(Dm)) be an homogeneous element of TC(X). If the linear system
|Dm| is fixed part free, then g belongs to Sbp(X). Therefore, we shall assume that this linear
system has fixed part. Write Dm = Dm1 + Dm2 , where |Dm2 | is fixed part free and Dm1
is linearly equivalent to the fixed part of |Dm|. Then, there exist gi ∈ H 0(X,OX(Dmi )),
1 i  2, such that g = g1g2. Notice that g2 belongs to Sbp(X).
Set
divX(g1)+Dm1 =
q∑
i=1
aiBi,
where the ai ’s are positive integers and the Bi ’s are prime divisors of X. Consider func-
tions hi ∈ K and elements si ∈ Zr (1  i  q) such that Bi = divX(hi) + Dsi for all
i = 1,2, . . . , q . hi spans the k-vector space H 0(X,OX(Dsi )) and
∏q
h
ai does so fori=1 i
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Thus,
g1 = γ
q∏
i=1
h
ai
i for some γ ∈ k \ {0}.
If there were 1 i  q such that Dsi is nef and KX · Dsi < 0, by Riemann–Roch The-
orem we would get dimH 0(X,OX(Dsi )) 2, that is a contradiction. Hence we conclude
that each divisor Dsi is either not nef or its global sections belong to ∆(X).
If some divisor Dsi is not nef, then D2si < 0 because Dsi is linearly equivalent to the
prime divisor Bi . So, there exist 1 j  t such that si = nj and, therefore, hi = βfj for
some non-zero element β in k. These facts and hypothesis (b) of the statement conclude
the proof. 
3. Applications
This section is devoted to deduce some consequences of our main result.
Corollary 1. Let X be a surface such that NE(X) is polyhedral and P˜ (X)Q = P(X)Q.
Then, the ring TC(X) is finite over k.
Proof. The image of P(X) in Pic(X) ⊗Z Q is the set of lattice points of P(X)Q and, so,
P(X) is a finitely generated semigroup by Gordon’s Lemma.
The equality P˜ (X)Q = P(X)Q implies that each nef divisor is also semi-ample (that is,
some positive multiple determines a linear system without base points). Thus, the ring⊕
[Dn]∈P(X)
H 0
(
X,OX(Dn)
)
is a finitely generated k-algebra (see [13, Lemma 2.8]). Since this ring contains ∆(X) and
Sbp(X), TC(X) is finite over k by Theorem 1. 
Corollary 2. Let X be a rational surface such that K2X = 0. If −KX is not nef, then the
ring TC(X) is finite over k.
Proof. The cone of curves of X is polyhedral (see [11, Theorem 2]).
Note that KX · C  0 for each nef divisor C on X, because [−KX] is an effective
class. By Hodge Index Theorem, the unique class orthogonal to [KX] with non-negative
self-intersection is [−KX], which is not nef. Therefore, we conclude that KX · C < 0 for
every nef divisor C on X. By [12, Theorem III.1], all classes in P(X) are semi-ample
and so the convex cones P˜ (X)Q and P(X)Q coincide. Thus, TC(X) is finite over k by
Corollary 1. 
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relatively minimal surface Y as follows. Consider a finite sequence of closed points C =
{p1,p2, . . . , pn} such that p1 is a point on Y (:= Xp1) and for each i , 2  i  n, pi is
a point on the variety Xpi obtained by blowing-up Xpi−1 at pi−1; the exceptional divisor
created by this blowing-up will be denoted by Ei−1. C will be named a configuration
over Y . The obtained surface after blowing-up Xpn at pn will be denoted by XC , and πC
will stand for the morphism XC → Y given by composition of the described blowing-ups.
Given two points pi,pj ∈ C , with i  j , pi is called to be proximate to pj if pi belongs
to the strict transform of Ej in Xpi . The proximity matrix of C will be the n-dimensional
matrix PC = (qij )1i,jn defined by qii = 1, qij = −1 if pi is proximate to pj , and qij = 0
otherwise.
If the relatively minimal surface Y is the projective plane P2, then the Picard group of
XC is a free abelian group of rank n+ 1 with basis {[L∗], [E∗1 ], . . . , [E∗n]}, where L∗ is the
total transform by πC of a general line L of Y and, for each 1 i  n, E∗i denotes the total
transform of the exceptional divisor Ei .
If Y is a Hirzebruch surface Fm = P(OP1 ⊕OP1(m)), for m = 0 or  2, then the Picard
group of XC is a free abelian group of rank n+ 2 with basis {[F ∗], [M∗], [E∗1 ], . . . , [E∗n]},
where E∗i are as above and F ∗ (respectively M∗) is the total transform by πC of the divisor
given by a global section F (respectively M) of p∗OP1(1) (respectivelyOFm(1)), p :Fm →
P1 being the projection morphism.
Notice that all rational surfaces are isomorphic to one of the form XC for some con-
figuration C as above. From now on, we shall consider the total coordinate ring TC(XC)
referred to the above basis of Pic(XC).
The following result generalizes that given in [8, Example 3.3], when considering the
projective plane.
Corollary 3. Let C = {pi}ni=1 be a configuration over P2 such that the linear system |2L∗−∑n
i=1 E∗i | of XC is not empty. Then, the ring TC(XC) is finite over k.
Proof. The proof follows from [11, Proposition 5], where we proved that XC satisfies the
hypotheses in Corollary 1. 
A curve C of P2 is said to have one place along a line R ⊆ P2 if C ∩ R is a single
point q and C is reduced and unibranched at q (note that these conditions imply that C is
integral). The line R can be regarded as the line at infinity on the compactification of A2
to P2 and, in such a case, we shall say that C has one place at infinity.
Take homogeneous coordinates (X : Y : Z) in P2 and consider Z = 0 as the equation of
the line at infinity. A pencil at infinity is a one-dimensional linear system of the projective
plane without fixed part of the form V = 〈F,Zd 〉 ⊆ H 0(X,OP2(d)), where F(X,Y,Z) =
0 is an homogeneous equation of a plane curve of degree d .
Corollary 4. Suppose that the characteristic of k equals 0 and let C be the configuration
of base points of a pencil at infinity V = 〈Fa11 Fa22 · · ·Fass ,Zd 〉 where d1, d2, . . . , ds, a1,
a2, . . . , as ∈ N \ {0}, gcd(a1, a2, . . . , as) = 1, d =∑si=1 aidi and the Fi ’s are such that
they satisfy the following conditions:
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(1 i  s).
(2) If s  2, then Fi /∈ 〈F1,Zd1〉 for some i , 2 i  s.
Then, the ring TC(XC) is finite over k.
Proof. The proof follows from [3, Theorem 3] and Corollary 1. 
Remark. The fact that the total coordinate ring be finite over k is also useful in Valuation
Theory. Let ν be a valuation of the fraction field of a d-dimensional local Noetherian
regular domain (R,m) which is centered at R and let S be its value semigroup, i.e. the set
of integers which are values of non-zero elements in R. The graded algebra relative to ν
is defined as the S-graded algebra
grνR :=
⊕
α∈S
Pα/Pα+,
where Pα (respectively Pα+ ) := {f ∈ R | ν(f )  (respectively >) α}. When d = 2, val-
uations can be classified by attending to the structure of grν R [18]. In higher dimension,
there is no classification of these valuations and the structure of grν R is unknown. In ad-
dition, if we consider sets W of finitely many valuations as above (whose value group is
isomorphic to Z), it is also interesting to study the graded algebra relative to W which is
defined in a similar way [1].
Consider d = 3 and a divisorial valuation ν (or a set of valuations W ) defined by excep-
tional divisors obtained by blowing-up Spec(R) at m (with exceptional divisor E) and after
by blowing-up at finitely many closed points lying on the successive strict transforms of E.
Then, following the line of [4, Remarque 1], to show that grν R (or grW R) is a Noetherian
ring it suffices to prove that the total coordinate ring of the strict transform of E by the
above sequence of blowing-ups is a Noetherian ring.
4. P-sufficient configurations
In this section, we introduce a type of configurations whose advantages are that they are
given by a numerical condition and that, on them, Theorem 1 is reduced to check a unique
condition.
Let C = {pi}ni=1 be a configuration over a relatively minimal rational surface Y . For
every pi ∈ C , denote by pi0 the image of pi via the morphism Xpi → Y that C provides.
The exceptional divisor Ei defines a valuation of the fraction field of the local ring OY,pi0 ,
and so, it is associated with a simple complete primary ideal Ii of the ring OY,pi0 . Denote
by D(pi) the exceptionally supported divisor on XC such that IiOXC =OXC (−D(pi)).
Let GC = (gij )1i,jn be the n-dimensional square symmetric matrix defined as fol-
lows:
gij = −τYD(pi) ·D(pj )−
(
KXC · D(pi)
)(
KXC · D(pj )
)
,
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Given an element x ∈ Rn, we set x 0 (respectively x > 0) when all the coordinates of
x are non-negative (respectively when x 0 and x = 0).
Recall [10], that an n-dimensional square matrix A is called to be conditionally positive
definite if xAxt > 0 for all vector x ∈ Rn such that x > 0.
Definition 2. A configuration C over a relatively minimal rational surface Y is called to be
P-sufficient if the matrix GC is conditionally positive definite.
In the rest of this paper, we consider a P-sufficient configuration C = {pi}ni=1 over a
relatively minimal surface Y and we set X := XC . For each effective divisor D on X, we
denote ei(D) := D ·E∗i and we define the vector e(D) := (e1(D), e2(D), . . . , en(D)) ∈ Zn.
Lemma 2. Let C and X be as above. Then, each effective divisor D on X such that
e(D) > 0 and D ·Ei  0 for all i , satisfies the relation
τY
n∑
i=1
ei(D)
2 −
(
n∑
i=1
ei(D)
)2
> 0.
Proof. Let D be as in the statement. e(D) belongs to the regular convex cone of Rn defined
by the system of inequalities PtCx
t  0, where x = (x1, x2, . . . , xn) ∈ Rn.
The extremal rays of this convex cone are given by the column vectors of the matrix
MC := (PtC)−1 = (mij )1i,jn . Therefore
e(D) =
n∑
j=1
αj (m1j , . . . ,mnj ) (1)
for some (α1, . . . , αn) ∈ Nn \ {0}.
Taking into account that the coordinates of the divisor class [D(pi)] with respect to
the free system {[E∗1 ], . . . , [E∗n]} are given by the ith column vector of MC (see [11]), we
conclude that the quadratic form defined by the matrix GC is given by
g(x) := xGCxt = τY
n∑
i=1
(
n∑
j=1
mij xj
)2
−
(
n∑
i=1
n∑
j=1
mij xj
)2
, (2)
which proves the statement by the equality (1). 
Lemma 3. Let C and X be as above.
(a) If the surface Y is either P2 or F0 ∼= P1 × P1 and D is a non-zero effective divisor of
X such that D2  0 and D · Ei  0 for all i = 1, . . . , n, then KX ·D < 0.
(b) If the surface Y is Fm, with m 2, and D is a non-zero effective divisor of X such that
D2  0, D ·Ei  0 for all i and D · (M∗ −mF ∗) 0, then KX ·D < 0.
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holds. Hence, we shall assume that e(D) > 0. We shall distinguish three cases:
Case 1 (Y = P2). Set [D] = d[L∗] −∑ni=1 vi [E∗i ] in terms of the basis of Pic(X) above
given. Lemma 2 and the inequality D2  0 show
0 < 9
n∑
i=1
v2i −
(
n∑
i=1
vi
)2
 9d2 −
(
n∑
i=1
vi
)2
=
[
3d +
n∑
i=1
vi
]
(−KX · D),
and then KX · D < 0.
Case 2 (Y = F0 ∼= P1 × P1). As above, set [D] = a[F ∗] + b[M∗] −∑ni=1 vi [E∗i ] and
consider the following chain of inequalities and equalities, which proves the result in this
case:
0 < 8
n∑
i=1
v2i −
(
n∑
i=1
vi
)2
 16ab−
(
n∑
i=1
vi
)2
= (2a + 2b)2 − 4(a − b)2 −
(
n∑
i=1
vi
)2
 (2a + 2b)2 −
(
n∑
i=1
vi
)2
=
(
2a + 2b +
n∑
i=1
vi
)
(−KX ·D).
Case 3 (Y = Fm, with m 2). Now [D] = a[F ∗] + b[M∗] −∑ni=1 vi [E∗i ]. Then
(m+ 2)2
n∑
i=1
v2i −m
(
n∑
i=1
vi
)2
= (m+ 2)
2
8
[
8
n∑
i=1
v2i −
(
n∑
i=1
vi
)2]
+ (m− 2)
2
8
(
n∑
i=1
vi
)2
> 0
by Lemma 2 and
0 < (m+ 2)2
n∑
i=1
v2i −m
(
n∑
i=1
vi
)2
 (m+ 2)2(2ab+ b2m)−m
(
n∑
i=1
vi
)2
 (m+ 2)2(2ab+ b2m)+ 2abm2 − 8ab−m
(
n∑
i=1
vi
)2
= (2a + 2b + bm)2m−m
(
n∑
vi
)2
= m
(
2a + 2b + bm+
n∑
vi
)
(−KX ·D),i=1 i=1
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D · (M∗ −mF ∗) 0, m 2 and the fact b 0 because D is effective. 
Proposition 1. Let X be a rational surface obtained by blowing-up at the points of a P-
sufficient configuration C over a relatively minimal surface such that OX(−KX) has a
non-trivial global section. Then, TC(X) is finite over k.
Proof. The cone of curves NE(X) is polyhedral since the configuration C is P-sufficient
[11, Theorem 1]. Moreover, by Lemma 3, each nef divisor has negative intersection product
with the canonical class and then [12, Theorem III.1] implies that each nef divisor is semi-
ample. Therefore, P(X)Q = P˜ (X)Q and TC(X) is finite over k by Corollary 1. 
Remark. A rational surface X such that K2X > 0 satisfies the hypotheses of Proposition 1.
Indeed, let C = {pi}ni=1 be any configuration over a relatively minimal surface Y such
that X = XC . It suffices to prove that C is P-sufficient. The cardinality of C , n, satisfies
n 8 (respectively n 7) when Y ∼= P2 (respectively, Y is isomorphic to a Hirzebruch sur-
face) because K2X > 0. Now, for each vector x ∈ Rn define ∆i(x) :=
∑n
j=1 mij xj , where
MC = (mij )1i,jn is the inverse matrix of PtC . For each x ∈ Rn, x > 0, by writing the
quadratic form g defined by the matrix GC as in (2), we get that the following inequalities
hold:
g(x) > n
n∑
i=1
∆i(x)
2 −
(
n∑
i=1
∆i(x)
)2
 0.
The first one holds from τY > n and the second one from the well-known inequality be-
tween the arithmetic and the geometric means of two non-negative real numbers. So, C is
a P-sufficient configuration.
The rational surfaces X = XC associated with P-sufficient configurations C satisfy con-
dition (a) of Theorem 1 (because its cone of curves is polyhedral) and the set ∆(X) is empty
as a consequence of Lemma 3. This fact allows to relax the hypotheses of Theorem 1.
Proposition 2. Let X be a rational surface obtained by blowing-up at the points of a
P-sufficient configuration over a relatively minimal surface. Then, the ring TC(X) is fi-
nite over k if, and only if, the subalgebra Sbp(X) is contained in a finitely generated
k-subalgebra of TC(X).
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